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LOCAL THETA CORRESPONDENCES BETWEEN EPIPELAGIC 
SUPERCUSPIDAL REPRESENTATIONS 

HUNG YEAN LOKE, JIA-JUN MA, AND GORDAN SAVIN 


Abstract. In this paper we study the local theta correspondences between epipelagic 
supercupsidal representations of a type I classical dual pair (G, G') over p-adic fields. We 
show that, besides an exceptional case, an epipelagic supercupsidal representation n of 
G lifts to an epipelagic supercupsidal representation 7r' of G' if and only if the epipelagic 
data of 7T and E are related by the moment maps. 


1. Introduction 

1.1. Let k be p-adic field with ring of integers 0 &, prime ideal p fc = (zo) and residue 
field f of odd characteristic p where w is a fixed uniformizer. Let k be its algebraic closure 
and let k m be the maximal unramified extension of k. Let w. k — ?• Q U { oo } denote the 
valuation map where v{w) = 1. We will denote an algebraic variety by a boldface letter, 
say H. For an algebraic extension E of k, we will denote its E-points by H(E), and its 
k points by the corresponding normal letter H. 

If G is an algebraic group, then we let g be its Lie algebra or the k points of the Lie 
algebra, depending on the context. If G — G [k) acts on a set X, then 9 x will denote 
g ■ x for g G G and x G X. In order to simplify the situation, we always assume that p 
is sufficiently large compared to the rank of G. For an reductive algebraic group, we will 
fix a maximally /c-split torus S, a maximally fc ur -split torus T which is defined over k and 
contains S. Since G(/c ur ) is always quasi-split, we set Y := Zq(T) to be the fixed Cartan 
subgroup of G 

1.2. We recall the classification of irreducible type I reductive dual pairs. Let D be a 
division algebra over k with a fixed involution r, which is either (i) k, (ii) a quadratic 
field extension of k, or (iii) the quaternion algebra over k. We continue to use v to 
denote the unique extension of the valuation v from k to D. Let Op, be the ring of 
integers of D. Let V be a right E-module with an e-Hermitian sesquilinear form ( , ) v 
and G = G(k) — U(V, ( , ) v ) be the unitary group preserving ( , ) v . Similar notation 
applies to G' with s' = —e. The k- vector space W = V V' has a natural symplectic 
form and {G,G') is an irreducible type I reductive dual pair in Sp := Sp(W). 

We will let E be the inverse image of a subgroup E in the metaplectic C x -cover Mp of 
Sp. We fix a non-trivial additive character i/j: k —» C x with conductor p^,. and consider 
local theta correspondence 6 arising from the oscillator representation of Mp with respect 
to the character i/j. For general information on theta correspondences, see In 

this paper, we will investigate the theta correspondence between epipelagic supercuspidal 
representations of G and G'. In many situations, the roles of G and G' are interchangeable. 
In such cases, we only discuss G and extend all objects and notation to G' implicitly by 
adding ‘primes’. 
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1.3. We briefly review some facts about epipelagic supercuspidal representations. See 
Section H and [23] for more details. Let B(G,k) be the (extended) building of G. In 
the setting of type I dual pairs, G and G' have compact centers. Therefore Z(G) C G x 
and G x = G [ x ] for any x G B(G, k ) where [x] is the image of x in the reduced build¬ 
ing. Following Reeder-Yu [[23], we construct a tamely ramified irreducible supercuspidal 
representation 7 Ts of G in Section 13.41 from the data £ = (x, A, x) where 
(SD 1 ) x G B(G,k) is an epipelagic point of order m where p\m (c.f. Definition I2.2.1IL 
(SD2) A is a stable vector in q x _±/q _j_+ and 

(SD3) x is a character of the stabilizer of A in G X /G X)0 +. 

We call £ = (x, A, x) an epipelagic data of order m for G. The supercuspidal representa¬ 
tion 7 r s has depth A- and it is called an epipelagic supercuspidal representation of G. Since 
the cover G depends on the dual pair (G,G'), the notation 7 r s only makes sense relative 
to the dual pair (G,G'). 


1.4. Let £ = (x, A, x) and S' = (x', A',x') be epipelagic data of G and G’ of order m 
and m! respectively. Suppose 9(7t s ) = 7 r^,. By [2T[[22[], 7 r s and have the same depth 
— = ^ 7 , i.e. m = m!. It turns out that the data (x, A, x) and (x', A', x!) are related by a 
geometric picture which we now briefly explain. 

The points x and x 1 correspond to self dual OD-lattice functions and 2 z?' in V and 
V' respectively (c.f. mmm)- The tensor product SS = 2 zf <g) 2 z?' is a self dual cr- lattice 
function in W. The quotient X = £$_ j_/&_j_+ is an f-vector space. In (jHJ) we define the 

2m 2m 

moment maps M _i_ and 

2m 2m 


M 


M' 


flx.-i 


X 




Our first result is a refinement of special cases of 


Proposition 1.4.1 (Proposition u.l.ll ). Suppose 9(71%) — 7r^,. Then 
fM) there exists a w G X such that A = M_u(ib) and A' = ~M'_ j_(in) 

\ / 2m 


Condition (IMI l imposes severe restriction to the ranks of G and G'\ 


Proposition 1.4.2 (Proposition l7.3.2h . Suppose = 7 r^,. Then (G, G') or (G', G) 

is one of the following types: 

(i) (DjjjC^), (H) (C n , D n _|_i ) 7 fiiif (C n ,B n ), (iv) (A n ,A n ) or fv) (A n , A n _|_x). 

Let (x, A) and (x', A') be parts of data for G and G' of order m respectively satisfying 
(SD1) and (SD2). It turns out that Condition (lM]h in all but one exceptional case 
(see Case (jfl) hi Section [s|), is a sufficient condition for the epipelagic supercuspidal 
representation 7 to lift to an epipelagic supercuspidal representation of G’. For the ease 
of explaining in this introduction, we will omit the exceptional ca se. Us ing Condition (|M|), 
we will construct a group homomorphism a : S' A , —>- Sa in Lemma S.l.ll . We can now state 


a part of the main 18 . 1.2 


Theorem 1.4.3. Let (G, G') be a n irred ucible type I reductive dual pair such that (G, G') 
has the form (i)-(v) in Proposition } 1. f . A Let (x, A) and (x', A') be data of G and G' respec¬ 
tively of order m satisfying (SL^l \), (SI$). We assume that we are not in the exceptional 
Case jiM) 

(i) Suppose Condition [M) is satisfied. Then for every character x of S\, 

9{ 7T S ) = 
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where £ = (x,X,x), £ ; = (V, A', x* ° a) and x* is the contragredient of x- An 
particular the theta lift is nonzero. 

(ii) Conversely, suppose = 7 r^, where £ = (x, A, x) and £' = (x',X',x') are 

epipelagic data. Then 

(a) Condition (M) is satisfied so that a \ S’ y —> Sa is well-defined and 

(b) X' = X* 0 a. 

8.1.21 also contains a result for the exceptional Case (JE|) where 7Ts lifts only for half of 
the characters of Sa- This should be compared with [18]. 

Acknowledgment. We would like to thank Wee Teck Gan and Jiu-Kang Yu for their 
valuable comments. Hung Yean Loke is supported by a MOE-NUS AcRF Tier 1 grant 
R-146-000-208-112. Jia-Jun Ma is partially supported by ISF Grant 1138/10 during his 
postdoctoral Fellowship at Ben Gurion University and HKRGC Grant CUHK 405213 
during his postdoctoral fellowship in IMS of CUHK. Gordan Savin is supported by an 
NSF grant DMS-1359774. 


2. Epipelagic representations 


In this section we review Reeder-Yu’s construction of epipelagic supercuspidal repre¬ 
sentations (c.f. [23]). 


2.1. Let k be ap-adic held as in Section ll.il . Let k ur be the maximal unramified extension 
of k with residue held f. We let Fr denote the Frobenius element such that Gal(A ur /A) = 
Gal(f/f) = (Fr). 


2.2. Epipelagic points. Let G be an algebraic group defined over k. Let E be a tamely 
ramihed extension of k. For x G B( G, k ) C B{ G, E), we set up some notation which will 
be used in the rest of the paper. Let 

• G (E) x , r (r > 0) and g(E) Xj1 . be the Moy-Prasad hltrations corresponding to x. 

• G(E) X = Stab G (E)(x) and G (E)^ = Stabo^Qa/]) where [x] is the image of x in 
the reduced building; 


• G X {E) = G{E) x /G{E) xfi+ - 

• G x ,r(E) = G (E) XiT:r + := G(E) XjJ ./G(E) Xir +, and 

• g0(F') 3 . r:r + . 0 /q(E') x , r +. 

In order to abbreviate the notations of objects corresponding to G = G(A), we let 

• G X p := G (k) Xtr = G(fc ur ) Xir D G(A), 

• 0x-,r • 0(^)a :,r 0(A )x,r G 0(A), 

® C X} r:r' • G(A) 3 , j? ./G( k^j x ^ r ' and 03,,r:r / • tyfk') x ,r / Q^k') x ,r r hn V V . 

In order to abbreviate the notations of objects corresponding to G(A ur ), we let 

• G k := G x (k UI ), G Xtr := G < x , r (k m ) and g x , r := g X!r (A ur )- 

The quotient space g x , r is an f-vector space and we denote its dual space Hom|(g X)J .,f) 
by g x ,r- We have assumed in the introduction that p is large compared to the rank of G. 
Then by [2J Prop. 4.1], g x>r could be identified with g x ~ r via an invariant bilinear form on 
0. Since we are on ly trea ting classical groups and p 7 ^ 2 , we will use a trace form defined 
later in Definition 6.1.ll in this paper. The group G^ acts on g xr . A vector A G g XjX is 
called a stable vector if the G^-orbit of A is Zariski closed in g x r and the stabilizer of A in 
G x modulo Z(G(A ur )) 0:0 + is a hnite group. 


Let dRur be the set of affine T(A ur )-roots. Suppose x G M(S, k ) = A(T, A ur ) Fr , i.e. x is in 
the apartment dehned by S. Let r(x) be the smallest positive value in { ift(x) | if G dRur }. 
Then G(A ur ) Xi o+ = G ik m ) x ^ x) . 
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Definition 2.2.1. Let m be an integer where p \ m. A point x in the apartment *4.(S, k) 
is called an epipelagic point of order m if r(x) = — and g T ± contains a stable vector. 

By 0, m is an even integer except when G(/c ur ) is split and of type A m _i. In particu¬ 
lar m > 2. 


2.3. Epipelagic supercuspidal representations. Let x be an epipelagic point of order 
m so that r(x) = A. We fix an isomorphism of abelian groups c: G xr(x y r(x) + -)• Q x ^ x y r ^+- 
For the classical group, we choose the isomorphism to be the one induced by the Cayley 
transform c(g) = 2 (g — 1 )(g + l)" 1 so that g — 1 = c(g) (mod g[(H)a;,r(a;)+)- 
Let A G g Fl j_ be an f-rational functional on g r j_. Then we get a character 

X ’m ’™ 


0A :=i>o\: G x± , ± + = g ai (fc) = gfi 

’ m.'m. m ’ m 


f Jtc'. 


The inflation of 0 a to G x j_ will also be denoted by 0 a- 

’ m 

Let 


(1) H x \ \ Stabg, ,(A), S x x'-—H x x/G x ±. 

Then H x> \ is the stabilizer of 0 a in G[ x y 

We will assume that A is G a .-stable in g„ ±. In all the cases that we will consider in this 

’ m 

paper, S Xi a is a finite abelian group. Note that the order of S Xi a is prime to p and G x j_ 
is pro-p. 


Proposition 2.3.1. The group S x \ splits in H x \, i.e. H x \ = S x \ ix G x ±. 

Proof. We shall show that S Xi a splits in H x \/G x ± for all i > 1. For i = 1 there is nothing 

’ 771 

to prove. Assume that we have constructed a splitting s*: S X) a —> H x ^/G x ±. The 

’ m 

obstruction to lift this splitting to H x \/G x i+i lies in H 2 (S Xt \, G x » : >+i). Since the order 

’ m ’ m ' m 

of S Xi a is prime to p and G x «,i+i is an elementary p-group, this cohomology vanishes. 

5 m ' m 

Hence s* can be lifted to s J+ i and the proposition follows by passing to a limit. □ 

We extend 0 a to a character of H x A by setting 0 A to be trivial on S x By Lf 1 (S x a, G x j_) 
0, we know that all splittings are conjugate up to G x ^-conjugation. Hence the extension 

’ m 

0a is unique and therefore canonical. 

Let x be a character of S Xi a and let 7 t x (A,x) := ind^ a 0a ® X■ By [23, Prop. 5.2], 
7r x (A, x) is an irreducible supercuspidal representation of G. We will call (x,A,x) an 
epipelagic data of order m and we call tt x (A, y) an (irreducible) epipelagic supercuspidal 
representation attached to the data. It contains a minimal Jt-type represented by a coset 
A = [T] = r + jy _j_+ in where K = G x ±. 

Proposition 2.3.2. Suppose G is a group appearing in a type I reductive dual pair. 

(i) All unrefined minimal K-types of 7t x (A, y) are G-conjugate to V + g _j_+. 

’ m 

(ii) If vr x (A,y) and 7T x (A',y') are isomorphic G-modules, then A and A' are in the same 
G x -orbit. In addition if A = A' then y = y'. 


Proof, (i) Let T + g. _j_+ represent the unrefined minimal A-type of n as above. We will 

- ’ 771 

see in Lemma l7.3.ll later that T G g x _j_ is a good element and H = Zg(F) is a torus. 

’ 771 

Let H = H(fc) and let f] = Z g (T) be its Lie algebra. Since (x, T, y) is a tamely ramified 
supercuspidal data, H/Z(G) is fc-anisotropic (or see for example, [12], Proposition 14.5]). 
We are considering type I classical dual pairs so Z(G) is anisotropic. Therefore H is 
A;-anisotropic. Hence B( H, k) = { x }. 
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Suppose Y y + g _j_+ is another unrefined minimal A'-type of 7r for some y G £>(G, k). 
Now we show that we can move y to x. Since T + g and r y + g _j_+ are minimal 
A'-types of n, they are associates [T9], i.e. there exists a g E G such that 

( 2 ) 9 ( r y + % _a+) n ( r + fl x i+) = ( 9 r y + _a+) n ( r + q x _a+) 

is nonempty. 

Now we apply the argument in the proof of [131 Corollary 2.4.8]. By ([2j), there are 
X" G g r _j_+ and Y" G g ( ( _j_+ such that 9 Y y + Y" = Y + X". By [131 Corollary 2.3.5], 

there exists h G G Xi0 + such that ^(r + X") = Y + X' G (T + g _j_+) fl f) fl Q hgy J_ where 
X' G f) _j_+. By pt3l Lemma 2.4.7] hgy G f3(H. /c) = { x }, i.e. hgy = x. We consider the 

’ m 

isomorphism Ad((h(yf) _1 ): g „j_/g „j_+ g x _j_/g , _j_+- It is now clear that the coset 
[ h9 Y y ] = [r] = A. This proves (i). 

(ii) The last assertion of (ii) is [23l Lemma 2.2], Now we prove the first assertion. 
Note that A = T + g _j_+ and A' = T' + g _j_+ represent unrefined minimal A"-types of 

’ m ’ m 

7r x (A, x) and 7r x (A',x') respectively. Since 7r x (A,x) = 7r x (A', x')> the two minimal A'-types 
are associates. By the proof in (i) where y = x and Y y = T', we conclude that there exists 
g G G such that gx = x and gX = A. In particular g G G x . Hence A and A' are in the 
same G^-orbit in g x _±(k). □ 

’ m 

3. Classical reductive dual pairs and local theta correspondence 

3.1. Classical groups. In this section, we will define the classical groups which appear 
in the irreducible dual pairs. 

Let D be a division algebra over k with an involution r in one of the following cases: 

(i) D = k, t is the identity map on k and wd = tv. 

(ii) A is a quadratic extension of k, t is the nontrivial Galois element in Gal(A>/fc), wp 
is a uniformizer of D so that W£> = w if D jk is unramified or t{wd) = —Wp if it is 
ramified. 

(iii) D is the quaternion algebra over k , r is the usual involution on D, We> is a uniformizer 
of D such that w 2 D = w. 

Let o d denote the ring of integers of D, pn = wdOd denote its maximal prime ideal and 
f d = Od/Pd denote its residue field. We set up := u{wd)- 

Let V be a right D -vector space. Let Endz)(IA) denote the space of 9-linear endomor- 
pliisms of V which acts on the left. For e = ±1, let ( , ) v : V x V —> D be an e-Hermitian 
sesquilinear form, i.e. 

(vi, v 2 ) v = e (v 2 , vi) T v and {viai, v 2 a 2 ) v = a[ (v h v 2 ) v a 2 

for all v\,v 2 G V and ai,a 2 G D. The e-Hermitian form induces a conjugation *: Endu(V r ) —> 
Endi)(I/) such that (gvi,v 2 ) v = (vi,g*v 2 ) v for all v±,v 2 G V and g G End£>(V). Then 

G = U(H) = U(V, ( , ) v ) := { g G End D (H) | gg* = Id } and 
0 = U (V) = u{V, ( , )y) := { X G End D (H) | X + X* = 0 } 
are a classical group and its Lie algebra. 

3.2. Irreducible reductive dual pairs of type I. Let V be a right A-vector space 
equipped with an e-Hermitian sesquilinear form ( , ) v and let V' be a right 9-vector 
space equipped with an e'-Hermitian sesquilinear form ( , ) v , where e' = —e. Let G and 
G' be the classical groups defined by (V, ( , ) v ) and (W, ( , ) v ,) respectively. 


6 


HUNG YEAN LOKE, JIA-JUN MA, AND GORDAN SAVIN 


We view V' as a left A-modulc by av = va T for all a E D and v E V'. Let W = V®dV'. 
It is a symplectic /c-vector space with symplectic form ( , ) given by 

(3) (v 1 0v , 1 ,v 2 ®v , 2 ) = tr D/k ((v 1 ,v 2 ) v (v[,v' 2 ) t v ,). 

Then G and G' commute with each other in the symplectic group Sp(IU). We call (G, G') 
an irreducible reductive dual pair of type I. 


3.3. Lattice model. We recall that ip: k C x is a non-trivial additive character with 
conductor p^. Let A be a self dual lattice in W, i.e. A = { w E W \ (w, w') E p*,, VW E A }. 
The lattice model with respect to A of the oscillator representation u: with respect to the 
character ip is defined by 

f(a + w) = i>(\ (w, a))f(w) Wa E A 1 
/ locally constant, compactly supported J ‘ 

Let Mp(VU) be the metaplectic C x -covering of Sp(PU) which acts on the oscillator repre¬ 
sentation naturally by its definition. The lattice model with respect to A gives a section 
a j a : Sp(kU) ’—>■ Mp(IU) of the natural projection Mp(kU) -» Sp(VU) (c.f. [T71I27] ). Let 
Sp A := Stabs p (iy)(^4) = { g E Sp(IU) | gA C A }. We only describe iv A (g) for g E Sp^: 

(4) ( u A (g)f)(w ) = f(g~ l w) Wg E Sp A , / e S'(A) and w E W. 


y{A) = { f: W -E C 


The splitting oj a does not depend on the choice of the self-dual lattice A. More p recisely, 
we have the following proposition which follows immediately from Lemma [C 


)re p r 

aJ. 


Proposition 3.3.1. There is a section 


co 0 : |J Sp A c->Mp(W) 

A is self-dual 


such that (no|sp A = w a for every self dual lattice A. 

3.4. Epipelagic supercuspidal representations of covering groups. Let £ = (x, A, x) 

be an epipelagic datum of order m. We reta in t he notation for the subgroup H x X = 
Sx.a k G x j_ and its character tp\®x i n Section l2.3l . Since G is a member of a type I dual 

’ m - 

pair, we r ecall that G x = G[ x ] in Section ll.3l and H x> \ is a subgroup of G x . We will show 
in Section l8.2l later that G x stabilizes a self-dual lattice A in W. Then Proposition 13.3.1 
gives a splitting 




G, 


- G, 


of G x —$■ G x . We will identify H Xj \ and G x as subgroups of G x via ujq. Let id c x : C x —> C x 
be the identity map. Under this splitting, G x = G x x C x with C x acting on the oscillator 
representation SA via id c x. Now 

7T S := indg c x((^ A ® X) ®id c x) 


is an irreducible supercuspidal representation of G which is also denoted by or tt x (A, y). 
We will also call tt s an epipelagic supercuspidal representation attached to the epipelagic 
data £. 

By Appendix IC.2l the splitting of G x ,o+ is canonically defined for any x E B( G, k). In 
particular, it still makes sense to talk about positive depth minimal A'-types. In addition 


Proposition ^.3. 2l holds if we replace 7 t x (A, y) with without any modihcation. 


4. Bruhat-Tits Buildings and Moy-Prasad filtrations of classical groups 

In this section we recall some known facts about the Bruhat-Tits buildings of classical 
groups. Our references are piolITT]. 
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4.1. Lattice functions. A (right) o^-lattice L in a right ZJ-vector space G is a right 
o D-submodule such that L ® 0d D = V . 

Definition 4.1.1. 1. Let Latty be the set of 0/5-lattice valued functions 

such that (i) 22 ? s D T£ t if s < t, (ii) <Sf s +v D = T£ s w D and (iii) T£ s = 

2. We set J 2 ? r + := (J f>r and .Jump ( 22 ?) = { r E R | Af r D 22 ? r + }. 

3. Given any lattice function 22 ?, we define 

0 l {V)x, r :={XE g[(G) I XX a C J? s+r ,Vs G R } Vr 

GL {V)sf,r -={ge GL(G) I {g - 1 ) 22 ?, C 22 ?, +r , Vs e R } Vr 

GL(G)^ := { £ G GL(G) \g& a C& a }. 

4. For r < s, we denote Jf r:s = T£ r j JX S . 

Definition 4.1.2. 1. A D-norrn of G is a function /: G —> R U { 00 } such that for all 

x, y E G and d E D, (i) l{xd) = Z(x) + i/(d), (ii) l(x+y) > min (l(x),l(y)) and (iii) fix) = 00 
if and only if x — 0. 

2. The norm l is called splittable if there is a D-basis { e* | i E I } of G such that 
Z (£iGJ e * d 0 = infj e /(Z(ej) + v(di)). Let SAf(V) denote the splittable norms on G. In this 
paper, all norms refer to splittable D-norms. 

There is a natural bijection between SAf(V) and Latty given by l ha ( 22 ? r = Z _ 1 ([r, + 00 ))). 
Then Jump(jzf) is the image of /. 

The following theorem is well known and follows directly from the definition of Moy- 
Prasad filtration [ 15] . 

Theorem 4.1.3. The (extended) building B(G L(G)) could be identified with Latty as 
GL (V)-sets. This identification is unique up to translation (c.f. jJJ Theorem 2.11]). 
Suppose x E B( GL(G)) corresponds to the lattice function 22? E Latty. Then 

(a) g\(y) x ,r = BK v )jf,r f° r r ER, 

(b) GL(G) xr = GL(G)jsf r for r > 0 and 

(c) GL(G)jf = GL(G) X . ’ 

For the rest of this paper, we will freely interchange the notion of points in the building 
of GL(G), D-norms and lattice functions. 


s ha T£ s on R 


e R, 
> 0 , 


4.2. Tensor products. Suppose l and l' are two norms on D-modules G and V'. Then 
there is an induced norm on W := V G>d V' such that (Z ® l')(y <g) v') = fiv) + Ifiv') 
(c.f. jH § 1.11]). Let 22 ? and 22 ?' be the corresponding lattice functions. We denote by 
22 ? <E> 25?' the corresponding 0 /.-lattice function on G <S>d G' where 

(2Sf®2S? , )t= 

r-\-r'=t 


It is easy to see that 

(5) Jump (A? <g) 22 ?') = Jump (A?) + Jump (A? 7 ). 

The norms Z and V also induce a natural norm Hom(Z, l') on Horn 73 (G, V') whose corre¬ 
sponding lattice function is 


( 6 ) 


(Horn(A?, 22?')) r := { w E Horrio(G, V') \ w(^f s ) C Jf a+r Vs E R } . 


In particular, every norm l on G defines a dual norm l* := Hom(Z, v) on V* := Hom D (G D ). 

Under the isomorphism Hom£)(G, V') = V' G>d G*, the norms Hom(Z,Z') and V <E> l* 
coin cide. If G = G', then the Moy-Prasad lattice function r ha gI(G) r defined in Defini¬ 
tion |4TjJ is the tensor product lattice function 22 ? ® 22 ?* on gl(G) = Endo(G). 
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4.3. Self-dual lattice functions. Let V be a space with a non-degenerate sesquilinear 
form (,) v . 

Definition 4.3.1. 1. For a lattice L in V, we set 

:= {v g V | (v, v') v g p D , W g L} . 

A lattice L is called self-dual if L — if. A lattice L is called good if If po C L C If. 

2. For a lattice function 2 *? we define its dual lattice function 25?** by ( 22 ?*% = ( 2 zf(_ s )+) t) . 
If / is the norm corresponding to , then we denote the norm corresponding to 2 z?^ by f. 
If we identify V with V* using the form ( > )v then the norm l* on V* translates to the 
norm f on V. 

3. A lattice function 2 zf is called self-dual if and only if 2 zf = f£^. In terms of norm, it 
is equivalent to f = l (c.f. [3j Prop. 3.3]) and we say that l is self-dual. Let Latty be the 
set of self-dual lattice functions. Clearly Latty is the j}-fixed point set of Latty. 

4. When ££ is self-dual, we define 0 fl gl (V)j? tr , G^ tT = G fl GL(V)^> jr , 

Gj? G fl GL (V)sf, Gj? := Gs?/Gsf,o+ and gsf, r: s '■= Qsf,r/d^,s- 

Remark. If we identify V* Gd V'* as (V ®o V')*, then by a calculation on a splitting 
basis, we have (l 0 l')* = /* 0 V* (c.f. |4) (18),(21), Sect. 1 . 12 ]). In particular, suppose 
that V and V' are formed spaces, and 2 zf and 2 zf' are self-dual lattice functions. It is easy 
to see that (l& ®l= lj? ®l <£<-, i.e. it is self-dual. Hence 2 zf 0 2 zf' is a self-dual lattice 
on V <S>d V'. 

4.4. We recall that k is a p-adic field with p f 2. For a classical group G defined over k, 
£>(G, k) could be identified canonically with the set of splittable self-dual norms on V 
(c.f. m)- The following theorem is the culmination of [5], [3], [H] and [ 8 ], 

Theorem 4.4.1. (i) There is a natural G-equivariant bijection between B(G,k) and 

Latty. 

(ii) Suppose x G B(G,k) corresponds to G Latty. Then 

(a) 0jz?,r = 9x,r for r G R, 

(b) G^ r = G x r for r > 0 and 

(c) Gj=G x .' 

4.5. Let r G Jump( 2 z?) so that L r := 2 zf r:r + = T£ r /Af r + which is nonzero. The sesquilinear 
form ( , )y induces a nonzero pairing T£ r x 2 z?_ r —> Oo and a non-degenerate pairing 
over jo- 

L r x I —r fD- 

ln particular we have 

Jump (25?) = —Jump (25?). 

The structure of G^f is described in the following lemma. It is well known so we omit 
its proof. Also see Appendix 0 

Lemma 4.5.1. Let uo = v(wo)- Then 

(7) G X G 0 x G.„ d x GL(U) 

rgJump(^f)n( 0 ,|^D) 

where G 0 = U(L 0 ) and Gi Ud = U(Li) where Li^ is equipped with the form ([ui], [r^]) = 
(v 1 ,v 2 zvf ) 1 ) v (mod Pd). □ 
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5. Tame base changes and epipelagic points 


5.1. Let D be the division algebra over k as in Section 13.1 
an e-Hermitian sesqnilinear form ( , ) 


Let V be a H-modnle with 
v and let G be the classical group defined over k 


such that G G(k) — U(V, ( > )y)- Suppose if is a tamely ramified finite extension of k 
or k m such that G splits. In this section we study the relations between buildings under 
tamely ramified field extensions. 

In all cases, it is standard to construct an if-vector space V obtained by certain base 
change of V so that G(k) C G(E) are subgroups of GL^(V’). By [ 8 ] there is a canonical 
bijection B(G ,k) B(G, E) Gal ^ E ^ k ' > . The next proposition describes this bijection in 

terms of splittable norms on V and V. 


Proposition 5.1.1. We identify buildings of classical groups with the corresponding set 
of splittable norms. 

(i) Suppose D = k. Let V — V <S>k E and let iy\ V —> V be given by v i —y v <g) 1. 
Let { , )$■ be the E-linear extension of ( , ) v . Then G (E) = U(V, ( , )^). The bijection 
B(G,k) B(G, _g;) Gal ( E / fc ) is given by ly eA l v <g) fc (y\ E ) and its inverse map is l^ H y 

ly o ly. 

(ii) Suppose D is a quadratic extension of k. We fix a field embedding i G Honifc(T), E) 
and view D as a sub field of E. Let V = V ®d E and let iy : V —>• V be given by 
wgd® 1. Then G(E) = GL E (P). The bijection B(G,k) B(G, E) G ^ E / k ^ is given by 
lv > lv (v\e) and its inverse map is i—>• o i v . 

(in) Suppose D is the quaternion algebra over k. We fix a subfield L of E which is a 
quadratic extension of k. We identify L with a subfield of D and fix a d € D such that 
d 2 e k x , d T = —d and Ad(eZ) acts on L by the non-trivial Galois action. Let pr: D —)■ L 
be the projection of D = L © Ld. Then Q(vi,v 2 ) pr((n 1 d, v 2 ) v ) defines an L-bilinear 
from on V. Let V = V <S> l E and let ( , )y be the (—e )-symmetric E-linear extension 
of Q. Then G (E) = U(P, ( , )^). The bijection B(G,k) ^ B{G, E) G ^ E ^ ls gwen by 
lv ^ lv iy\ e) and its inverse map is Z^> i—>• Z^ o i v . 


Before we give the proof of Proposition l5T.ll . we first recall the uniqueness result stated 
in P § 1 . 2 ]. 


Lemma 5.1.2. Let B and B' be two G-sets satisfying the axioms of building of G over k 
(See [55] § 2 . 1 ] and P §1.9.1].,). Let j: B —?• B' be a bijection such that 

(i) j is G-equivariant, i.e. j(g ■ x) = g ■ j (x) for all g € G, and 

(ii) its restriction to an apartment A is affine. 

Then j is unique up to the translation by an element in X*(Z (G)°) <S> R. 


In our cases, Z (G) is anisotropic so the map j is unique. 


Proof of Proposition 


5.1.1 1 . 


(i) We consider the following diagram: 


B( G, k) = = = = = B{ G, T) Gal T/ fc ) 
B(GL k (V)) — B{ GL E (V)) G ^ E / k \ 


The buildings in the top row are the fixed point sets of the involutions j] of the buildings 
in the bottom row. The bottom map is ly ly® iy\ e)- It is a GL*.(V)-invariant map. It 
is a bijection, since it suffices to check this on an apartment, where it is obvious. The map 
sends self-dual norms to self-dual norms, hence it induces the top row isomorphism, by 
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restriction. It is the canonical isomorphism B(G,k) B(G,E) G ^ E ^ k ^ by Lemma 15.1.2 . 
This proves (i). 

(ii) We refer to the computation in jU §1.13]. Let ii, t 2 be two h-embeddings of D into 
E (so i is one of the two). Let V H = V G>dm E. Then V ® k E = V L1 © V L2 , so we have 
a natural action of Gal (E/k) on V Ll © V 12 . Now Part (ii) follows by applying a similar 
argument as in (i) to the following diagram: 


B( G, k) = = = = = = = = = B{ G, E) Gal ( E / fc ) 


B(GL D (V)) ^=B(GL E (V il ) x GL E (V L2 )) G ^ E/k \ 

(iii) Note that Hiyi^vf) = pr((ui, v-f) v ) dehnes a Hermitian form on V. Moreover, 
G{k) = U (V,Q) D U (V,H). Part (iii) follows by applying a similar argument as in (i) to 
the following diagram: 


B(G,k) = = = = B(\J(V,(, >t>)) Gal ^/ fc ) 


B(U (V,H)) 


B{ GL L (V)) Ga ^ E/k) . 


□ 


For an O/j-lattice function corresponding to x G B( G, k), we will denote by T£ E the 
o^-lattice function in V corresponding to x G B(G , E) Gal ^ E ^ k ' ) in the above proposition. 
We need the following application of Lemma 15.1.21 in our study of the epipelagic points. 


Lemma 5.1.3. Let be the self-dual lattice function corresponding to a point x in 
B( G, k) of order m. Suppose G splits under a tamely ramified extension E with ramifi¬ 
cation index m. Then Jump(jSf) is contained in either — Z or W- + ^Z. 

Proof. We have v(E) — — Z. Let be the o^-lattice function. Let J = Jump(«5?) and 
J R = Jump(«5f s ). By |23] §4.2], S£ E corresponds to a hyperspecial point in G (E). Hence 
jE = jo + for some j 0 e [0, ^). 

we have JC J £ =,/+lz. Since is self-dual, J = — J. Hence 

— m ‘ 


By Proposition 15.1.1 


-j 0 + -Z = -J E C —J + 4-2 C J + 

jyj m — m — 

The lemma follows. 


C J E + iz = jo + 

— m. jy) ' 


■ Z. Therefore jo = 0 or 


i 

2m' 

□ 


5.2. Epipelagic points. Let x G B{ G, /c) be an epipelagic point of order m. We recall 
that k UI is the maximal unramified extension of k. Let E be the totally ramified extension 
of k ur of degree m. We fix a uniformizer such that wjj = w. Let Ga\(E/k m ) = (a) 
where cr(tX7 E ) = ( and ( is a primitive m-th root of unity. Let Fr G Gal (E/k) denote 
the lift of the Frobenius automorphism in Gal(k UI /k ) such that ¥r(w E ) = w E . Now 
Gal (E/k) = (Fr, a). 


The group G splits over E 
/c ur -split. torus in G containing S 


§4.1], We recall Section 
and defined over k 


1.1 


that T is a maximally 
Let Y = Zg(T) be a Cartan 


subgroup of G. Then x is a hyperspecial point in A(Y,E). We have G(E)f. = G(k UT ) x , 
G(E)° r = G(k m ) x ^ r for r > 0, and w e q(E) X j0 = q(E) t ±. The building B( G, k UT ) embeds 

’ m 

into B(G,E) as the cr-invariant set and 

B( G, k ) = B{ G, fc ur ) Fr = (B( G, EYfT 

We set D(E) = D E. We equip D(E) with the tensor product norm of valuations 
of D and E. Let $ and Lfi be the lattice functions in E and D respectively defined 
















CORRESPONDENCES BETWEEN EPIPELAGIC REPRESENTATIONS 


11 


by their valuations. Then © <§ is the corresponding lattice function on D(E). Let 
Od(e) = © £)o, Pd(e) = (^©«?)o+ and f D ( E ) = o D {e)/Pd{e) which is a semisimple 

algebra over f E . 

Let Jzf be the self-dual lattice function in V corresponding to x G B(G, k). Let 5£ E 
be the self-dual o^-lattice function in V(E) := V®kE. In fact it is an o^y^-lattice 
function. We have following situations. 

(i) If D = k, then & E = ££ E . 

(ii) If D is a quadratic extension of k, then D{E) = E x E, V(E) = V Ll © V i2 , JX E = 

© JX L2 ' E where V Ll and W 2 , JX ix ' E and 2zf t2 ’ £ ' correspond to the two different 
/e-embeddings of D into E. 

(iii) Suppose D is the quaternion algebra over k. We Lx a quadratic extension L of k in 

E. Then D(E) = Mat 2 (£), V(E) = V bl ®V i2 and % E = where 

and S£ L2 ' e are o^-lattice functions corresponding to the two different fc-embeddings 
of L into E. 


Clearly, Jump(«£? E ) = Jump( 2 z? ti,E ) = Jump(jzf) + ^Z. The Galois group Gal(£/fc) acts 
on V(E) by s(u © x) = v © s(x) for s G Gal (E/k), v G V and x G E. For g G G (E) 
and s G Gal(E/k), we have s(g) = s o g o s _1 as _D(E)-linear automorphism on V(E). In 
Cases (ii) and (iii), under the decomposit ion, G (E) acts diagonally on V(E) = V bl © W 2 . 
Extending the notation in Definition 4.1.ll . w e hav e G (E) x = G (E)# e , G {E) x>r = 


G (E)x E)r and fl(£%, r = g(E)^ E)T by Proposition |5TT 


5.3. Kac-Vinberg gradings. In [23] §4], Reeder and Yu connect the Moy-Prasad filtra¬ 
tion at an epipelagic point with the Kac-Vinberg gradings of Lie algebras over the residue 
fields. We review their results here. 

By the class ification of hyperspecial points for split classical groups (see Remark in 
Appendix A.2l ). we can pick a point x 0 G *A(T, k m ) following the recipe in |231 Section 
3.2] such that Jump (A?)]) = Jump(A? K ) where is the lattice function in V(E) corre¬ 
sponding to xq. The action of the generator o of Gal (E/k m ) on the Cartan subgroup Y 
induces an action $ on X*. Then x = Xq + -W/ where r) G Xf. Let t := fj(w E ) G G (E). 
The 0£>(E)-lattice function corresponding to x$ is 

We have isomorphisms 


G{E) X0 G(E) X and g{E) xofi g(E) xfi ^ g(E) x ± . 

’ m 

Let G = G(E) X0 /G(E) X0 fi+ and g = g(E , ) a , OjO /0(E) a , Oi o+. Let $ be the automorphisms on 
G (E) xo and g (E) xo induced by the cr actions on G (E) XQ and g(E) XOj0 respectively. Let 
6 := Ad(t^ : ) o cr o Ad(i) be the automorphisms on G and on g induced by the a actions 
on G (E) x and g(E) x 0 . Let g 3 be the ^-eigenspace of 9 on g. Then 

(a) 6 = Ad(t)$ where t = t~ l t a = 77(C) (mod G(E') a . 0i0 +); 

(b) Ad(i): G e G^ := G(k ur ) x /G(k ur ) X}0 + is an isomorphism and 

(c) w J E ad(t) : g e ’^ 3 g c ± is G e -equivariant with G 9 acting on the right hand side 
via (b). Here we recall g^. ± in Section 12.21 

’ m 

By putting j = —1 in (c), we define u := w E l a,d(t ): g e,< = g _±. Then c g is a bijection 

’ m 

between the set of stable vectors for the G 9 action on and the set of stable vectors for 
the action G (k ui: ) x on g x _j_. The former was studied by Viuberg [2B] and Levy [15]. 

5 m. 


6. Moment maps 
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6.1. Let W — V <8 >d V'. Using the sesquilinear forms, we define T: W Houid(V, V') 
and 'LL W ^ llom D (V', V ) by 

® t/)(tq) = v' {v,vi) v and \L'(t; <g> v')(v[) = v {v',v[) v , 

for all v,vi G V and v',v[ G V 1 . Now g G G and g 1 G G' acts on HornoCP 7 , V) by the 
formula (g, g') ■ w = g'wg _1 . 

Definition 6.1.1. 1. We define a non-degenerate G'-invariant symmetric h-bilinear 

forrrfl B s : g x g -A k by R g (Xi,X 2 ) = itr^/U^X^). 

2. We define an operator a: Horno( V, V’) —> Hom^H', V) by 

(w(v),v') v , = ( v,w*(v')) v Vw G Horn D (V,V'),v G V,v' G V 7 . 

We note that if x G VP and = in, then ^'(x) = in*. 

3. We define the moment map M: W = Hom D (U, V') —> g and M': W —> g' by 

M(in) = w*w and M'(in) = win*. 

By definition M and M' are G x G'-equi variant. 

Lemma 6.1.2. Suppose w\ ,w 2 ,w G W, leg and X' G g'. Then 

(a) (wi,w 2 ) = tr D/i .tr(w^Wi) ? 

(b) {X • w,w) = 2 B s (M(w),X) and (X'-w,w) = 2Bg>(-M'(w),X'). 

The proof is a straightforward computation using (j3J) and the definition of a. We will 
leave it to the reader. 


6.2. Let Jf and T£’ be two self-dual lattice functions on V and V' respectively. Let 
m = 2 Sf ® ££’ on w = V ® D V'. 


Lemma 6.2.1. (i) We have Jurnp(^) = Jump( 2 z?) + Jump(«Sf / ). 

(ii) The lattice function 8% is self-dual in W, i.e. = 8S_ r +. 

(Hi) Under the isomorphism T: W Horrid (U, V'), 

^(8§ r ) = { w G Hom D (U, V') | w2z? s C 2z ?' }+r Vs G R } . 

(iv) We have (T(^’ r .))* = ^>\8§ r ). 

(v) We have M(8§ r ) C g_$f i2r and M'{38 r ) C g^/ 2r . 

Proof. Part (i) is Equation ([HI). Part (ii) is explained in the Remark in Section ItTHI . By (j6jl 
the right hand side of (iii) is the lattice function on Horn r>( V, V') = V* V' . On the 
other hand T maps V®V' to V*®V' . We have seen in Section l4.3l that the norm l* on V* 
translates to the norm U = l on V. It follows that the lattice function on the right hand 
side of (iii) corresponds to the lattice function 8$ under T. This proves (iii). If w G W 
then 'V'(w) = T(w)*. This proves (iv). Part (v) follows directly from (iii) and (iv). □ 


6.3. We could view 88 s , g^f i2s and g^, 2s as schemes over cm _ Since a is o^-linear, the 

moment maps defined over the generic fibers as in Section l 6 .ll extend to morphisms 
between these o^-schemes. The o^-group scheme G# x G'%, acts on all these objects and 
the moment maps are equivariant maps. 

Let W, = 88 s /88 s +, g^ )2s = gif, 2s /g^,2s+ and g^, 2s = g^/ )2s /fl' Sf / >2a +. We get mor¬ 
phisms, as certain quotients of the moment maps over the special fiber, 


( 8 ) M s : W, —>■ gj?, 2 s and : W s —* g^/ 2s - 

The actions of x G'g, reduce to x G^, actions on W s , g ^ 2s and gj^, 2s . These are 
the moment maps over the residual held f which we will study later. 


1 We warn that our trace form B s has a factor of 
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7. Theta correspondences I 


7.1. In this section we let ( G , G') be a reductive dual pair in Sp(IY) as in Section 13.2 


Let £ = (x, A, x) and £' = (x', A', x') be epipelagic supercuspidal data for G and G' 
respectively. Let 71+ = 7T^(X,x) (resp. ( A',x')) be the corresponding epipelagic 

represe ntat ion of G (resp. G'). From now on, we assume 9(7 Ts) = As discussed in 
Section If. 4 x and x' are both epipelagic points of order m for some m> 2. 

Let SB and Jzf' be self dual lattice functions corresponding to x and x' respectively. Let 
SB = SB ® ££'. Let X = \N_j_ = SB SB _ _j_+. We denote the moment maps defined in 

2m 2m 2 m 

(ED by M : X —> g# _± and ML X —> g' _ ± . 

Proposition 7.1.1. Suppose that 8{7 Ts) = 7ijy. Then there exists a w G X such that 
A = M(iu) and A' = — 


SSy, and in G SB'_ 


Proof. By [22] there exists (y,y') G B(G,k) x B(G',k), SB’ = Jzf,, 
such that M(w) + g _j_+ is an unrefined minimal Jl-type of 7Ts, and — M'(w ) + g' ; : + 

is an unrefined minimal AT'-type of 7 r^,. The mome nt ma ps M and M’ commute with 
the action of G x G"-conjugation. By Proposition 2.3.21 and conjugating by G x G'. 
we may assume that y = x, y' = x\ w G 


Lj_, M(w) + g _j_+ = M(u>) = A and 

2m m 




= — M'(ud = A' where w = w + 


G X. 

2m 


□ 


Corollary 7.1.2. We have Jump(^) C 

(i) Jump(Af) C Tz anc [ Jump (A?') C A- + Az or 

(ii) Jump(Tf) C A. + ~ Z and Jump(Tf / ) C Tz. 


d- + — z. Moreover either 

2m m 


Proof. By Lemma 15.1.31. Jump (A?) (resp. Jump (AC) ) is a subset of A-Z or A^ + A-z. From 
the proof of the last proposition, w is a nonzero element in SB _ ^jSB_ j_+. In particular 

2m 2m 

G Jump(A$) = Jump(Af) + Jump (AC). The corollary follows. □ 


i 

2m 


7.2. Reeder and Yu connect the Moy-Prasad filtration at an epipelagic point with the 
Kac-Vi nber g grading of Lie algebras over the residue fields, as described previously in 
Section l5.3l . Now we relate this with the moment maps. 

Let S£% = G x S£e and A ?^ 0 = t!~ x S£' E denote t he o n t fa- lattice functions corresponding 
to xq and x' 0 respectively as in Section l5.2l . By 17.1.21 we are in one of the following two 
cases. 

(a) We have Jump(A^) = — Z and Jump (SB®) = f- + — Z. In this case we set V := 


A^ 0:()+ and V' := A ?' 0 


E i i +« 


(b) We have Jump (A?))) = -A- + —z and Jump(A?^ 0 ) = — Z. In this case we set V := 


Af° 


E i.i + 


and V' := SB’S 


£ 7 , 0 : 0 + ■ 


Both V and V' are fom-modules. In Case (a), we assign a non-degenerate Hermitian forms 
V by ((, ))y := ( , ) v (mod p d(e)) and a non-degenerate Hermitian form on ((, ))v' : = 
( , ) v ,we (mod p d(e))- In Case (b), the bilinear forms are defined similarly. Thus G = 
U(V) (resp. G' = U(V')) as fryeylinear transformations on V (resp. V') preserving the 
form. 

Let L°(A , ) r = JS Er . r+ . The actions a and G 1 o a o t on SBf r induce actions on L°(S)r 
which we denote by d an d 6 respectively. It is compatible with the d and 6 actions on 
G defined in Section l5.3l in the sense that for g G G we have d(g) = d o g o d~ x and 
9(g) = 6 o g o Q~ x as linear transformations on L°(i?) r . 
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Let 3&(E) = 38 ® 0k S and 3^(E) = (t _1 , t'~ l )&(E) = ^ ® 0d(e . ££'*. Let = 

' 2m 

&°(E)__i_/3§ 0 (E) _i_+ and W := V<8)f D(B) V' = Hom f£l(i;) (V, V'). We observe the following 


diagram: 


Wf 


(9) 


M 


W°^ <- 

2m 


M u 




(t,f) 


4 &(E)_l 


M 


M 




tu e 


g% 


m 



Ad (t) 


♦0(E), 


J_ . 

m 


In the above diagram, the G (E) x x G , (i?) x /-equivariant map M on the far right trans¬ 
lates to the G x G'-equivariant map M on the far left. Here M (l is defined by (jHJ) with 
respect to lattices and J 2 ?£ 0 , and s = — Ap The explicit formula for the map M is ex¬ 
actly the same as that for M with respect to the forms ((, ))v and ((, ))v'- We remark that 
\N°_j_ is not equipped with any sesquilinear form. On the other hand W has isomorphic 

2m 

vector space structure as \N {] _j_ but it is equipped with a tensor product form. 

2m 

7.3. The ranks of G and G' . Let r be the rank of g and let P = P(X) be the coefficient 
of z r in det( 2 d 0 + adX). Then P is an Ad(G)-invariant homogeneous rational function on 
g defined over k such that the set of regular semisimple elements in g is P~ l ( A — { 0 }) 
where A is the affine line. 

The following lemma is a consequence of [9j, Lemma 13]. 

Lemma 7.3.1. Let A be a stable vector in g and 7 e g x _i be a lifting of X. 

^ ’ m ’ m ’ m 

Then 7 is a regular semisimple element. Let T = Zq( 7 ). Then 7 is a good element of 
depth — 7 ^ with respect to T, i.e. for every root a of G[k) with respect to T (k), da( 7 ) is 
nonzero and u(d 0(7)) = — 77 

Proof. Let f(X) = tu £ ;Ad(t)(W) and let / be the induced map in the following diagram: 


7 e q i_ C g(E) ± g(E]) Xo>0 

___ 7 m 7 m 

I 1 i , f 

* G Q x _±._±+ C g ±(E) g X0 (E)= g. 

Since A is a stable vector, /(A) is a regular semisimple element in g and [P(/( 7 ))] 7 ^ 0 G f#. 
Therefore, P{ 7 ) 7 ^ 0 and 7 is a regular semisimple element in g. 

Next we prove that 7 is good. Let R(G(k),T(k)) be the set of roots. Let T'{k ) : = 
Ad (t)T(k). Then a 1 —> a' := a o Ad(t _1 ) gives a map R(G(k),T(k)) —> R(G(k).Tfk)). 
Moreover a' reduces to a root a! G g. For any a G R(G(k), T(/c)), da'([f{^)]) 7 ^ 0 since 
[/( 7 )] = /(A) is regular semisimple in g. This implies that u{dot{p))) = —A which proves 
the lemma. □ 


Proposition 7.3.2. Suppose 9(n^) = 7r^,. Then (G, G') or (G',G) is one of the following 
types, (i) (D n , C n ) 7 (ii) (C n ,D n _j_x) ; (Hi) (C n ,B n ), (lv) (A n ,A n ) ; (v) (A n , A n _j_x). 


Proof. By Proposition 7.1. ll there exists w G C W such that [M(w)\ = M(u>) G 

g . and [M'{w)\ = M'(w) G g' ( , , + are stable vectors. By Lemma l7-3.lL both 

’ m~ m % ’~m''~m 

M(w ) and M'{w) are regular semisimple elements. 

Now we show that (i) to (v) list all possible cases which satisfy the following condition. 


(10) There is a w G W such that M{w ) and M'(w ) are both regular semisimple. 
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We may base change to the algebraic closure k so that G — G(k) and G' = G '(k) are 
split groups. We fix a maximal (split) torus Y and identify its Lie algebra t) with A dimt1 . 
We list P| „ = riae<i>(Gy) ^ a explicitly when G is one the following groups. 

GL(ra): t) = A n , P(a u ■■■ ,a n ) = “ %), 

Sp(2n): t) = A n , P(ai, ■■■ ,a n ) = ~~ a j) 

0(2 n): 0 = A n , P(a 1 , ■ ■ ■ , a n ) = Il ¥i K 2 - a j), 

0(2 n + 1): t) = A n , P(ai, ■ ■ ■ , a n ) = “ a )) 11./(—«y)- 

By the classification of dual pairs, we only have to consider one of the following reductive 
dual pairs: 

(a) (0(2n), Sp(2n')), 

(b) (Sp(2n), 0(2n' + 1)) and 

(c) (GL(n), GL(ra')). 

We may assume that rankG < rankG". Let W and W' be the Weyl groups of G and G' 
with respect to Y and Y' respectively. By the first and second fundamental theorems of 
classical invariant theory M induces an isomorphism W/G = g (see [7(1X1] ) which in turn 
induces an isomorphism W/G x G' = q/G'. We get following diagram: 


-+ 0 «- 


M 


M' 


■+0O 




t)/w q/g iA — W/G X G' -> g'/G' 3 q'/w '. 


We remind the readers that in the lemma below all the vector spaces and algebraic 
groups are defined over k. 

Lemma 7.3.3. Suppose rankG < rankG'. Then there is a vector subspace sG ofW which 
is stable under the action ofY x Y' and such that the following diagram below commutes. 


*)«- 


^sY/Y x Y’<~ 


-+9 


( 11 ) 


o/w —^ q/G W/G x G'< -> q/G' t//w '. 


The proof of the lemma is given in Appendix lB.ll . 

The top row of (fTTj) defines an inclusion map Y„: t) > t}'. This map is the natural 
inclusion A rankG ^A A rankG/ which is well known to the experts (for example see pQ). 

Using the bottom row in (fill) , we have an inclusion t)/w ‘-A tj'/w' induce d by T n . Let 
P and P' be the invariant polynomials for G and G' defined before Lemma l7.3.ll . Then 
m i s equivalent to the following statement: 

There is an X e t) such that P\^{X) ^ 0 and P'|y(T n (X)) ^ 0. 

It follows by inspection that (i) to (v) are all the possible cases. □ 


Theta correspondences II 


In t his se ction we stu dy the ta co rrespo ndences of epipelagic representations. By Propo¬ 
sition 7.3.21 Proposition 7.1.ll arid 7.1.2 . it is enough to consider the following situations: 

(Cl) The dual pair (G, G') is one of the following types: (i) (D n , C n ), (ii) (C„,D n+1 ), 
(hi) (C n ,B n ), (iv) (A n , A n ), (v) (A n ,A n+1 ). 

(C2) The points x 6 £>(G, k ) and x' 6 B(G', k) are epipelagic points of order m. In 
particular, m > 2. Let GY and GY' denote the corresponding 0 / 5 -lattice functions. 
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(C3) £3 = JSf <g> £3' where Jump(^) C ^ + A z . 

(C4) There exists a w G X = £3_^j£3 j_ such that M(ih) = A G g i: _j_ and — M'(u)) = 

2m 2m ’ m 

A' 6 g', i are stable vectors. 

°r. -— 


8.1. We now study the geometry of X and the moment maps which will eventually 
determine the local theta correspondences. 

By (C4) A is a stable vector so A := ig -1 (A) is a regular semisimple element in g (c.f. 
Section |5J2|). When A G g C Endf D(B) (V) is not of full rank, it requires a special treatment. 
By (Cl) and the classification of epipelagic points in [9i|23j, this is exactly in the following 
situation: 


(E) 


D is a ramified quadratic extension of k, the dual pair (G, G') is a pair 
of unitary groups of the same rank n, and A G g has rank n — 1. 


Define 


X AiA , := M^(A) C A') and 

Sw ■= Stabs A xs^,(ih). 

We note that S A is abelian in all our cases so all its irreducible representations are one 
dimensional characters. 


Lemma 8.1.1. (i) The set X AjA / is the S\- orbit of w in X. 

(ii) There is a group homomorphism a: S A , —» S A such that A a (S A ,) := { (a(g'),g') \ g' G S A , } 
is a subgroup of S^. 

(in) If we are not in Case [M), then S A acts freely on X A;A / and = A q (S a ,). 

(iv) In Case (EHy, let S^ = Stabs A (ih) and S A := { g G S A | g o A = A }@. Then S ^ = S A 
and so the character \ of S A occurs in C[X AjA /] if and only if x\s x trivial. 


The proof is given in Appendix lB.2 


Remark. (1) The homomorphism a induces a map a*: S A —> S A , given by oi*{x) = X oa - 
The definition depends on the choice of w G_X A A /. On the other hand, it is well-defined up 
to conjugation by the proof in Appendix lB.2l . Hence the map between the Grothendieck 
groups induced by a* is independent of the choice of w. 

Lemma ls.1.1 


(2) In the exceptional Case 


(iv) will lead to the fact that not all 
epipelagic representations can occur in this local theta correspondence. The extreme case 
is the well known fact that not all characters of U(l) occur in the oscillator representation 
of Mp(2)(see [T8]h 


Theorem 8.1.2. Suppose (Cl) to (Cf) hold. For any character x of S A , letH = (x, A, x) 
and S' = (A, A', x') where x' = X* ° a an d X* ts the contragredient representation of x- 

(i) Suppose we are not in the exceptional case (@)- Then 

(12) 0(vr s ) = tt£,. 


In particular the theta lift is nonzero, 
(ii) Suppose we are in the exceptional Case 
y|s A is trivial. 


The above theorem gives 


H3(i). 


Then (fT2l) holds for x £ S A such that 


2 Let h G G x and 7 G be any lifts of g and A respectively. We consider h and 7 as elements in 

Horn k{V,V). Then g o A := h 07 + q x _ i+ £ Q x _x._j_+ is well defined. 
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8.2. We set B = AS _i_ and A = ASj_. By (C3), = A and = A3j_+ = ASi_. Since 

2 m 2m 2m 2m 

m > 2, AS i_pfc C AS _ 3 _ and is a good lattice. We form the following exact sequences 

2m 2m 

of f-vector spaces: 

(13) 0-» Y- >\N ->X->0 

where 

W = B/B t = AS_^.^, X = B/A = AS_^.j_ and Y = A/B^ = ASj_.j^. 

2m ' 2m 2m ’ 2m 2m ' 2m 

The symplectic form on W induces a non-degenerate f-symplectic form on W and Y is a 
maximal isotropic subspace in W. Let 

P = (G^/G 2 _) x (G'^/G', 2 _) and 

J = (GxlG x G) x (G'^/G' ± ) = G x x G' x ,. 

’ m ’ m 

Then (ITS]) is an exact sequence of P-modules. The proof of following lemma is given in 
Appendix 0. 


Lemma 8.2.1. The natural quotient P -» J has a splitting such that the exact sequence 
(g3D splits as ]-modules. We denote the splitting by W = Y © X. 


8.3. Proof of 18.1.21 . We recall the lattice model JX(A) in Section l3.3l . Let AS(A)b be 
the subspace of functions in dS(A) with support in B. For / G JS(A)b, vj G B and 
b! G B$, f(w + b') = 1 / 1 ( 7 ; (w, b'))f(w) = f(w). Therefore, we cou ld view 5?(A)b as a 
subspace in C [W]. We fix the splitting W = Y © X in Lemma 8.2. ll . Let J act on C [X] by 
translation. Since f(w + a) = i/j(\ (w, a))f(w) for all a G A, the restriction map Ex from 
W to X induces a J-module isomorphism 


(14) 


E x : y(A) 


B 


+ c[X] 


whose inverse map E x l is given by 

(E x l F)(w) = i\) Q (x,y)^j F(x) 

for all w G B such that w = x + y (mod B$) with x + B^ G X and y + B^ G Y. 
For / G SS(A) b , w G B and g G G^±, we have (g~ l — 1 )w G A. By 


and 


Lemma 6.1.2 


we 


liav<|] 


VA(g)f(w) = f(g~ 1 w) = /((c© 1 - l)w + w) 

( 15 ) = ^ Q (w, (g~ l - l)w)^j f(w) = ip Q ((g - l)w, tu)^ f(w) 

= fp(B s (M(w),c(g)))f(w) = i/Ju{w)(g)f(w) 

where w is the image of w in X = B/A. Similarly u>A(g')f(vj) = ip^M'(w)(g')f( w ) for all 
g' G Gcf j_. 

’ m 

Let jS(A)g be the subspace of functions in S^(A) B such that G ^ j_ acts by ijj\. Then 

_ _ ’ m 

it follows from (fT5|) and (1TT|) that 

y(A) x B = «T(c[m- 1 (a)]). 

A similar consideration applies to A' G g'^, _j_ too. Let ■= jS(A)g Then 

’ m 

^'^^(CtXyA'])- 


3 See also the proof of Theorem 5.5] 
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We fix a w in X\ : y. By Lemma l8T.ll Sa Xa,a' given by s K > s ■ vj is a surjection of 
Sa x Sy-set. Here (s, s') G Sa x S' a , acts on Sa by (s, s') ■ s o = ssoct^s') -1 for all s 0 G Sa- 
By the decomposition of regular representation of Sa, we have 


(16) 


C[Xa,a'] C C [Sa] — (J) 


C, 


c 


x oa 


xeS A 


as Sa x S A ,-modules. In 


(Tl6j) is an equality. In (ii ) the summand C 


C[Xa,a'] if and only if y| SA is trivial by Lemma 18.1.1 


C x * OQ occurs in 


Fix any SA-character x which occurs in C[Xa,a']- It is clear that the H\ and H' x , in (jTJ) 

_1 (Ca <8> C x * oa ) by the characters i/>\®x and Vtv ® x* ° a respectively. 

-i/ 


act on the space R x 


By Frobenius reciprocity, the subspace R x 
intertwining map 


(Ca ® C x * oa ) C y(A) induces a non-zero 


*x (A, x) ^ ^'(A', X* o a) -> y{A). 

The left hand side is irreducible so the above map is an injection. Since the left hand side 
is also supercuspidal, by the smoothness of y(A), we conclude that the left hand side is 
a direct summand in JX(A) and we hav e a projection map from y(A) to the left hand 
side. This completes the proof of 18.1.21 . □ 


8.4. Proof of 1.4.31 (ii). Part (a) is a restatement of Proposition l7.1.ll . By ll.4.3l 7 


has a nonzero theta lift and 0(rr s ) = ir where S" = (V , A', x* 0 ct). By the uniqueness of 


the theta lift HEO, 4, = 7r' s „ and by Proposition 12.3.21 x' = X* 0 a - This proves (b). □ 


Appendix A. Proof of Lemma 8.2.1 


We retain the notation in Section 13.1 
defined in the following way: 


A.l. First the fact that P —> J splits follows from the work of McNinch [TE] . For our 
case, the splitting could be constructed by an elementary method which we will explain 
below. 

_ Let K be the maximal unramified extension in D 

(i) K k if D = k\ (ii) K := D if D/k is an unramified 
extension; (iii) K := k if D/k is a ramified extension and (iv) if D the quaternion algebra 
over k , then K is the unramified quadratic extension of k in D normalized by Wr>. 

Let I'd = v{wn). Then v D = A if and only if D/k is ramified or D is the quaternion 
algebra over k. Under this setting, D = K if Ufj — 1 and D = K © w^K if u D — k. In 
all cases, fx = f d- 


A.2. We recall the explicit description of an apartment in B( G, k) (c.f. [E, §2.9] and 
§2-4]). Let [r] denote the largest integer not greater than r G R. Let n be the dimension 
of a maximally isotropic subspace in V. Let / := J + U I~ U 1° where I + = { 1, • • • ,n}, 

I~ = —I + and 1° is any index set with dim p V — 2n elements. Fix a basis { | i G / } 

of V such that 

(a) {e h ej) v = (e_ h e_j) v = 0 and (e a , e_ 3 ) v = S hJ for all i,j G I + ; 

(b) e* is anisotropic for i G 7° and (e*, 6 j) v = 0 for i G 1° and i ^ j G I. 

For i G 7°, we can choose e* such that 

(i) ( ei,ei) y has valuation either 0 or u D ; 

(ii) (e*, e/jy takes value either in Ok or in wdOk- 0 

Let S be the maximal /c-split torus in G which stabilizes e^-D for all i G I + U I~ and 
hxes ej for all j G 7°. Then the apartment A(S, k) in G, k) corresponds to the set 

4 This condition is non-trivial if D/k is a ramified extension or D/k is a quaternion algebra. 
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of self-dual lattice functions which split under this basis. More precisely, if 2?f is in the 
apartment, then there is a (unique) tuple of real numbers (ai, • • • , a n ) E R n such that 

(17) X = ©e,p 

iei 

where (i) a_j = —a, : for i E I + and (ii) a* = |z/((ej, ei) v ). In fact, (ai,-- - ,a n ) ha j£? 
gives an identification of R n with the apartment. 

Remark. If G splits over an unramified extension of k, then the lattice function in (fT71) 
corresponds to a hyperspecial point in M(S, k) if and only if di/vo E b + Z for all i E I 
where b = 0 or 

A.3. We let be a lattice function as in (ITT)) above. We consider two cases. 

Case 1 . First we assume that u D = 1. In this case D = K. Let [r] denote the coset 
r + Z E Q / Z and define 

vw -.= E eiK and '? r -=v [r] nsf r = E e iP r K ai - 

di=r (mod Z) cl%=t (mod Z) 

We make the following observations. 

(a) The restriction of the Hermitian sesquilinear form to is non-degenerate if r = 0 
or ^ (mod Z) and totally isotropic if otherwise. 

(b) For r E R, is in perfect pairing with V^~ r \ In particular, A 0 and have 
e-Hermitian sesquilinear forms ( > )v and ( j )v which are defined over o k- 

Case 2 . Now assume up = |. We define the A-module 

V [r] -.= J2e t K+ E eiW ° K 

a i= r a;+i=r 

and o ^-module 

r r :=\f [r] CJ? r = Y J ^K ai + E ^ n p K a ^. 

°i= r a; + |=r 

We make the following observations. 

(a) The two A'-subspaces and V^ r+ ^ in V are different. However V M = V^ r+ ^W£, 
and n V r+ \ = y r WD- 

(b) The restriction of the Hermitian sesquilinear form to is non-degenerate if r = 0 
or j (mod |z) and totally isotropic if otherwise. 

(c) For r E R, is in perfect pairing with V^~ r \ In particular, there is an e-Hermitian 
sesquilinear form ( , ) v and a (—e)-Hermitian sesquilinear form ( , ) y w^ defined 
on A 0 and respectively. Both forms are defined over Ok- 

Thanks to the definitions of and Y r , the following holds for both Cases 1 and 2: 

(i) dinift- f/kl — dirrif D Af r /Af r + and the natural inclusion 'V r J?f r induces an isomor¬ 
phism 

(is) y r /y r p K ———^ ac/x+. 

(ii) V = ©, r]s;/z V™. 

(iii) Define an 0 /.-group scheme: 

j : =u(f°)xu(f^)x Yl GL o K (y r )- 

rG( 
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Let Q and Q denote the generic fiber and special fiber of J2 respectively. 

(iv) The lattices Y r give a vertex y in the building of Q. Clearly, 

^2 Qyt Qy,o+ Qy, i and Q Qy j Qy, o~r • 

(v) The natural action of 22 on V identifies Q with G fl (ri[r]eQ/z GLx(U^)) so that 

£ = Q n 

(vi) The natural embedding J? —> Gg induces an isomorphism of f-groups 

Q = Qy/Qy,l -» Gjf/G^_ 0 + = Gif 

which is compatible with (!IS|) . This follows for the fact that the both sides are 
isomorphic to the right hand side of 0 . 

For V' 1 we likewise divide into two cases and define similar notations V'2\ Y" 7 ’, Qf £}' 
etc as above. 


A.4. We recall BB = 2 £? . For /i 6 R, we define = Xqt]+[t']=[ M ] V^<S>kV'^. Then 

(vii) w = © Meo/z IH 

(viii) := ®« X"' e< l uals n 

Using the natural inclusion ‘-A we have 

(ix) <£/+1 = := Cl BB^+. 

(x) ^/^ + i BBJBB^. 


Proof of Lemma \8.2.R We recall (TT3h where 


Y : = 


; 1 . 1 ~ 
2m ’ 2m 


W : = 


j_. j_+ 

2m ' 2m 


and X : = 


Let X' := <T__ 3 _/<r__i.p K . Clearly X' X by (|xj). 
Note that m > 2. So — < 1. The inclusion i 

— m 2m 




1 

2m 



2m ' 


j_+- 

2m 


gives an embedding 


(19) x' = —> bs_^/ 3 b jl _+ = w 

2m 2m 2m 2m 

which splits the quotient map W X. The embedding £} x i?' G_sf x G^, induces a 
splitting of P —» J: 


(20) J^QxQ' = J2/J2! x -> G^f/G „ i+ x G^/G' , + = P. 

’m >m 

Note that Y, X' and W are natural Q x Q'-modules and (TT9|) is an Q x Q'-equivariant 
embedding. We get a decomposition W = X'©Y as J-modules under the splitting (l20lh □ 


Appendix B. Matrix calculations 


In this appendix, we prove Lemma 17.3.31 and Lemma 18.1.1 


B.l. Proof of Lemma 17.3.31 . We construct below an .cY defined over an algebraically 
closed field k which satisfies the lemma. The lemma and the proof below is valid for any 
field provided (G, G') is an irreducible dual pair such that G and G' are both split. 

There are only several cases. 

1. (G, G') = (GL(n), GL(n')) with n < n'. We can identify (a) W = Mat n , n / ©Mat ni „/, 
(b) ( x,y )* = (y,—x) for (x,y) G W, (c) M(x,y) = xy T G gl(n) and (d) M(x,y) = 
y T x G gt(n'). We set 

a = diag(ai, ■■■ ,a n ) 


srf — < w — ((a 0 ) , (b 0 )) 


b = diag(&i, ■ ■ ■ , b n ) 


with ai,bi G k 
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For any w E &/, M(w ) = ab and M'{w ) = 


ab 0 
0 0 


2 . (G,G r ) = (Sp( 2 n), 0(2n' + 1)) with n < n'. We can choose suitable bases so that 


-2 n 


-2n'+l 


V = k and V' = k such that (wi,U 2 )y = v{ Jv% and {v'i,v 2 ) v , = v[ J'v 2 where 


J = 


0 I n 

-In 0 


and J' = 


0 

Iln'—2n+\ 
0 


Now we can identify 

(a) 11 = M 2n i + i ]2n , 

(b) w* = J~ 1 vj t J', 

(c) M(w) = w*ui and 

(d) M'{w ) = ww*. We consider 


sA = 


For any w E stf , M(w) = 



a = diag(ai, 
b = diag( 6 i, • 


1 bn 


, with a i} bi E k 


and M'(w ) = 


ab 0 0 

0 0 0 

0 0 — abj 

3. We leave the all other cases where ( G,G') = (Sp(2n), 0(2n' + 2 )), (0(2 n), Sp(27l, , )) 
or (0(2n + 1 ), Sp(2n 7 )) where n < n' to the reader. The formulas are similar to 2 . □ 


B.2. Proof of Lemma l 8 . 1 .ll . We translate everything to the left hand side of (J9j) and 
denote the images of w, A, A', X^ac Sa, • • •, by w, A, A', ° x ,, S^, • • • respectively. We also 
transport implicitly the Galois actions. Then A and A' are regular semisimple elements. 
It is enough to prove the statements for A and Ah 

(i) First we assume that A G Hom^ (V, V) is full rank. In this case w G Homf D(iS) (V, V') 

is full rank too. By Witt’s theorem, M' _ 1 (A') is a single free G-orbit. Let w' G X A x ,. 

Then there is a unique g G G such that w' — g ■ w. Clearly g G Stab^(A). For every 
a G Gal (E/k), 

(21) g ■ w — w' — a{w') = cr(g) ■ a(w) = cr(g) ■ w. 

Since G acts freely, we have g = cr(g). Hence g G S A = (Stab^(A)) Ga h £; / fc )_ This proves (i) 
in these cases. 

Now we suppose that A is not full rank i.e. Ca se (E ). This only occurs for unitary 
groups of equal rank. We refer to the Appendix B.ll for the notation. In this case, 
W = M nn (j ) © M nn (f) are two copies of n by n matrices and A is of rank n — 1. There is 
an element in QdMyE/k) exchanging the two components of w = (A, B), hence A and B 
have the same rank n — 1. The group G is a general linear group. Let SL be the special 
linear group in G. Let w' G X AA ,. Let SL^ := Stab s - L (A). It is straightforward to check 
that w' and w are in the same SL A -orbit on which SL A acts freely. Let g E SI_ A such that 
w' = g ■ w. Again by (l2Tj) . g is Galois invariant, i.e. g E S A . This proves (i). 

(ii) Let w E be a lift of w. Without loss of generality, we may assume that w is of 

2m 

full rank. Then T = M{w ) and T' = M'(w ) are lifts of A and A' respectively. Let Hr (resp. 
H' v ,) be the stabilizer of Y (resp. T 7 ) in G (resp. G'). W e recall that Hp is anisotropic so 
B(H r ) = { x } as shown in the proof of Proposition 12.3.21 . This implies that Hp EG^> and 
H' r C G'%,. Using the same argument and Witt’s theorem as in (i), for every g' E H' T , 
there is a unique g G Hp such that g'w = g -1 w. The map a: Hi, —y Hp given by g' ha g 
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is a surjective homomorphism. Note that Hr (resp. Hfi) surjects onto Sa (resp. S' A ,) 
since T (resp. T') is a good element (c.f. [131 Corollary 2.3.5 and Lemma 2.3.6]). Then a 
induces a homomorphism a: S A , —* Sa- 

(iii) This follows from the proofs of (i) and (ii). 

(iv) Note that Irn w k = 1mA C V. Let g G S A . Then g G S$ if and only if g | Im ^* = id 

if and only if g| Im ^ = id if and only if g G S A , i.e. = S A . Since A , = S A /S^, The last 
assertion is clear. □ 


Appendix C. Lattice model and splitting 


C.l. Let Sp (W) b e a symplectic group of a symplectic space W. Proposition [T3jJ follows 
from Lemma IC.l.ll below. One may compare the lemma with [24| §4.1] and 


Lemma C.1.1. Let Ai and A 2 be two self-dual lattices inW. Fori = 1,2, letujAi■ Sp(PP) — > 
Mp(VP) be the section defined by the lattice model A^(Afi as in (J4]) . Then 

u Al (g) = uja 2 ( 9) Vg e Sp Al n Sp^ 2 . 


Proof. We have an intertwining operator 5: A^(Ai) —>■ ^(^ 2 ) given by (5 f)(iu) = 
L, if>(^ (a,ui))f(w + a)da between the two lattice models. This intertwining operator 
is unique up to scalar. 

Let g G Sp^ 4l fl Sp j42 . Since g: A 2 —> A 2 is measure preserving, 


(K(s) oS /)W = / ( a >g lw ))f(g 1 w + a)dc 


’ A 2 


= (9 a i w ))f(g w + a)da 


' A2 


= / ^( x ( a >™»/(0 lw + g la ) da 

Ja 2 z 

=(So u Al {g)f)(w). 


This proves the lemma. 


□ 


C.2. Let x G B(G,k). We pick any x' G B(G',k) and let AF and AF' be the lattice 
functions corresponding to x and x' respectively. Let AS = 2z? ® A£' be the tensor product 
lattice function and A be any self-dual lattice such that AS 0 + C A C ASq. We have G T n + 
stabilizes A, i.e. G X)0 + C Sp A (see also [22l §3.3.2]). As a corollary of Lemma IC.l.ll . the 
lattice models give a canonical splitting 

0J + : LJ Gx,o+ —t G. 

x£B(G,k) 
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